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Abstract – We show that typicality holds for a class of nonequilibrium systems, i.e., nonequilib-
rium steady states (NESSs): almost all the pure states properly sampled from a certain Hilbert
space well represent a NESS and characterize its intrinsic thermal nature. We clarify the relevant
Hilbert space from which the pure states are to be sampled, and construct practically all the
typical pure NESSs. The scattering approach leads us to the natural extension of the typicality
for equilibrium systems. Each pure NESS correctly yields the expectation values of observables
given by the standard ensemble approach. It means that we can calculate the expectation values
in a NESS with only a single pure NESS. We provide an explicit construction of the typical pure
NESS for a model with two reservoirs, and see that it correctly reproduces the Landauer-type
formula for the current flowing steadily between the reservoirs.
Introduction. – Recently, the typicality of pure
states of large quantum systems has been attracting con-
siderable attentions for the foundations of statistical me-
chanics. It has been shown that the partially reduced
states of the overwhelming majority of the pure states
in an energy shell of a large quantum system look sim-
ilar to each other, and well approximate the canonical
state (“canonical typicality”), for which the importance
of a large entanglement in each typical pure state of the
whole system is stressed [1, 2] (see also [3, 4]). It has
been also pointed out that a similar typicality already
holds for the whole system: almost all the pure states
in the energy shell of the whole system give the expecta-
tion values of an observable very close to that evaluated
in the microcanonical state [5–7]. Such intrinsic thermal
nature of typical pure states enables us to analyze mechan-
ical and thermodynamical quantities [8, 9] and their fluc-
tuations, especially the probability distributions [10], by
only a single pure state. The equilibration/thermalization
[11–16], the temporal fluctuation around equilibrium [17],
and the relaxation time [18, 19] have also been discussed
for large quantum systems on the basis of the typicality
arguments, which would be relevant to the experimentally
observed emergence of thermal correlations in an isolated
cold atomic gas [20]. Instead of the statistical ansatz such
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as a priori equal probabilities of energy eigenstates and
the erogodicity hypothesis, the quantum spectral fluctua-
tion provides alternative probabilistic properties necessary
for the statistical mechanics.
These extraordinary achievements for typical pure
states being at hand, it is natural to expect that the typ-
icality holds also for nonequilibrium systems. As a first
step, we are going to focus on nonequilibrium steady states
(NESSs) [21–28]. Needless to say, the NESSs are of both
practical and fundamental importance: they are of course
relevant to the DC conductivity [29], and include interest-
ing topics such as the long-range correlations in the NESSs
[30]. On the other hand, the universal properties of the
NESSs are less understood [23,30] compared with those of
equilibrium systems. In addition, it is not clear whether
the typicality holds for NESSs and how to construct typ-
ical pure states representing NESSs if any.
In this paper, we give an answer to this last question.
We provide a construction of practically all typical pure
NESSs. Our idea is to reduce the problem for the nonequi-
librium situation to that for the equilibrium through the
Lippmann-Schwinger scattering theory [31, 32]: we “scat-
ter” a typical pure state representing an equilibrium state
to generate a typical pure NESS. We show that it ac-
tually gives the same expectation value as the standard
ensemble approach. For concreteness, we investigate the
simplest model for a quantum transport, and give an ex-
plicit construction of a typical pure NESS.
p-1
Takaaki Monnai and Kazuya Yuasa
Typicality for equilibrium systems. – Let us first
recapitulate an aspect of the typicality for equilibrium sys-
tems, relevant to the following discussion. We consider a
large quantum system, and an energy shellHE spanned by
the energy eigenstates {|Ei〉} belonging to the energies be-
tween E and E +∆E. The energy width ∆E is supposed
to be small, but the system is so large that the energy
shell HE contains many energy eigenstates {|Ei〉}, i.e.,
d = dimHE is large. We then pick a pure state [1, 2, 5–8]
|ψ〉 =
d∑
i=1
ci|Ei〉 (1)
randomly from the energy shell HE , i.e., the complex
coefficients {ci} are chosen from the uniform distribu-
tion on the surface of the 2d-dimensional unit sphere∑d
i=1 |ci|2 = 1, according to the Haar measure. Such a
single pure state |ψ〉 typically well represents the micro-
canonical ensemble on the energy shell HE : almost all the
pure states |ψ〉 on the energy shellHE give the expectation
values 〈ψ|Aˆ|ψ〉 of an observable Aˆ close to the expectation
value 〈Aˆ〉mc = Tr{ρˆmcAˆ} in the microcanonical ensemble
ρˆmc =
1
d
∑d
i=1 |Ei〉〈Ei| [5–8],
〈ψ|Aˆ|ψ〉 ∼ 〈Aˆ〉mc. (2)
More rigorously, the probability of 〈ψ|Aˆ|ψ〉 deviating from
〈Aˆ〉mc is bounded, for any positive K, by
P
(
|〈ψ|Aˆ|ψ〉 − 〈Aˆ〉mc|2 > K (∆Aˆ)
2
mc
d+ 1
)
<
1
K
, (3)
where (∆Aˆ)2mc = 〈Aˆ2〉mc−〈Aˆ〉2mc. Roughly, it means that
the error is typically O((∆Aˆ)mc/
√
d) [10]. This is valid
even for an unbounded operator Aˆ as long as the micro-
canonical variance (∆Aˆ)2mc is under control. Each typical
pure state |ψ〉 on the energy shell HE well describes the
thermal equilibrium state of the system.
Note that we do not put the system in contact with an
“environment.” Such an external agent is not necessary
for the typicality and for the equivalence with the micro-
canonical state [5–8]. If we divide the system into two
parts and take the partial trace over one of them, all the
reduced states of the typical pure states in the energy shell
HE of the total system are very close to a canonical state.
It is called “canonical typicality” [1,2] (see also [3,4]). We
are not going to discuss this in this paper: we will not
have an environment and will not take a partial trace.
The objective of the present paper is to extend this
typicality argument to a nonequilibrium situation, i.e., to
NESS. At first glance, it is not clear from which subspace
we should sample pure states. Moreover, there is no clear
clue whether the typicality holds also for nonequilibrium
systems. For NESSs, nonetheless, we will clarify that the
typicality actually holds: we will identify the relevant sub-
space and construct practically all pure NESSs.
Fig. 1: (a) A reservoir at temperature TL with chemical poten-
tial µL is connected via a weak local link with another reservoir
at temperature TR with chemical potential µR, and a current
flows steadily between them. (b) The initial pure state is ran-
domly sampled from the subspace HEL,ER = HEL ⊗ HER ,
where HEL and HER are the energy shells around EL and ER
in the Hilbert spaces of reservoirs L and R, respectively.
Nonequilibrium steady state (NESS). – The sim-
plest setup for discussing the NESS is shown in Fig. 1(a)
[21–29].1 We have two reservoirs L and R, one at tem-
perature TL with chemical potential µL and the other at
TR with µR. Connecting them via a weak link, a current
starts to flow between them. This can be described in the
following natural way [21–29]: we let the whole system
evolve from the initial state ρˆL ⊗ ρˆR by a Hamiltonian
Hˆ = Hˆ0 + Vˆ , Hˆ0 = HˆL + HˆR, (4)
where HˆL and HˆR are the Hamiltonians of the reservoirs L
and R, respectively, with a weak local interaction Vˆ which
transfers particles between the two reservoirs. ρˆL and ρˆR
represent the thermal equilibrium states of the reservoirs
L and R, respectively, with the relevant temperatures and
chemical potentials. Usually, the grand canonical ensem-
bles ρˆ
(L(R))
gc = e−βL(R)(HˆL(R)−µL(R)NˆL(R))/ΞL(R) are taken,
with βL(R) being the inverse temperature, NˆL(R) the num-
ber of particles in reservoir L(R), and ΞL(R) the grand
canonical partition function.
If the two systems L and R are large but of finite size,
the whole system eventually reaches an equilibrium state
with the two systems at the same temperature. Here,
instead, we are interested in infinitely large systems as
L and R, and the thermodynamical limit will be taken.
Then, in the long-time limit, the system reaches a NESS,
in which a current flows steadily. We are going to discuss
such NESSs [21–29].
Mathematically the state e−iHˆt(ρˆL ⊗ ρˆR)eiHˆt does not
converge in general (more rigorously, the expectation val-
ues of observables in this state would not converge) in the
1We can easily generalize the following arguments to the systems
with multiple reservoirs, but we focus on the two-reservoir case for
simplicity.
p-2
Typical pure nonequilibrium stationary states
long-time limit t → ∞. The mathematically well-defined
construction of NESS instead is given by [21, 23–26]
ρˆNESS = Ωˆ(ρˆL ⊗ ρˆR)Ωˆ† (5)
with the Møller wave operator [31, 32]
Ωˆ = lim
t→∞
e−iHˆteiHˆ0t. (6)
The very rough idea is to remove the free oscillations by
eiHˆ0t to ensure the convergence in the long-time limit.
In the context of a scattering problem, the wave opera-
tor Ωˆ transforms incident plane waves to the scattering
states satisfying the Lippmann-Schwinger equation under
the outgoing boundary condition. In the present context,
the free state ρˆL⊗ ρˆR of Hˆ0 as the incident state is trans-
formed into a scattering state by Ωˆ, which is the NESS.
We are interested, in particular, in the current between
the two reservoirs. We compute the expectation value of
the current operator (see the example below), which ap-
proaches a well-defined stationary value in the long-time
limit: the current flows steadily, and this is a NESS.
There might exist some pathological system for which
the long-time limit in (6) does not exist. In the follow-
ing, we exclude such an exceptional case and assume the
existence of a well-defined NESS.
Construction of typical pure NESSs. – Having
seen the above approach to the NESS, we are led to the
following natural way for constructing typical pure NESSs.
The basic idea is to sample a typical pure state repre-
senting the thermal equilibrium states ρˆL and ρˆR of the
reservoirs, and “scatter” it by the wave operator Ωˆ.
More specifically, we take a subspace HEL,ER = HEL ⊗
HER in the Hilbert space of the total system, where
HEL(R) is the energy shell around the energy EL(R) of
reservoir L(R) with a small energy width ∆E, spanned
by the energy eigenstates {|E(L(R))i 〉} in the energy range
[see Fig. 1(b)]. Its dimension is D = dimHEL,ER = dLdR
with dL(R) = dimHEL(R) .2 We then pick a pure state |φ〉
randomly from the subspace HEL,ER with respect to the
Haar measure, and define
|φ〉∞ = Ωˆ|φ〉. (7)
Our main result is that the pure state |φ〉∞ constructed
in this way is a typical pure NESS in the well-defined
thermodynamical limit. That is, almost all the pure
states |φ〉∞ sampled in this way give the expectation val-
ues ∞〈φ|Aˆ|φ〉∞ close to the expectation value 〈Aˆ〉NESS =
Tr{ρˆNESSAˆ} evaluated with ρˆNESS given in (5),
∞〈φ|Aˆ|φ〉∞ ∼ 〈Aˆ〉NESS. (8)
2For the discussion of the typicality, we assume the volumes of
the reservoirs to be large but finite, so that dL(R) are finite. The
thermodynamical limit is to be taken later, after the expectation
values of observables are computed. Note that the long-time limit
in (6) requires a continuous spectrum. This limit is understood to
be taken after the large-volume limit. Before it, the time t is kept
sufficiently large but finite. Note also that the current remains finite
in the thermodynamical limit since it flows by a local interaction Vˆ .
Note that |φ〉∞ is invariant under the time evolution up
to a global phase, since e−iHˆτ Ωˆ|φ〉 = Ωˆe−iHˆ0τ |φ〉 holds for
an arbitrary τ [32] and |φ〉 is approximately an eigenstate
of Hˆ0 due to the assumption of the small energy width
∆E. Thus, the expectation values in |φ〉∞ are stationary.
Before proving the typicality of |φ〉∞, it is important to
point out the following fact. One distinguished character-
istics of NESS, in contrast to equilibrium cases, is that it is
endowed with multiple different temperatures and chem-
ical potentials, or in other words, it is characterized by
multiple different energy scales. We basically intend to
take a typical pure state |φ〉 representing the product of
the two thermal equilibrium states ρˆL ⊗ ρˆR as the ini-
tial state, but our sampling is not performed separately
for HEL and HER . Each initial state |φ〉 is sampled from
HEL,ER , which in general is not of the product structure,
but rather entangled,
|φ〉 =
dL∑
i=1
dR∑
j=1
cij |E(L)i 〉 ⊗ |E(R)j 〉. (9)
It still typically represents the product state ρˆL ⊗ ρˆR, as
we will see below. This is an important point. We are
exploring the whole of the subspace HEL,ER character-
ized by the two intrinsic energy scales EL and ER. Then,
through (7), which establishes an isometric construction
of the pure NESSs |φ〉∞ expressed as scattering states,
practically all pure NESSs are at our hand.3
Typicality of pure NESSs. – The proof of the typ-
icality of the pure NESSs |φ〉∞ consists of two steps. The
first step is to show
E[〈φ|Ωˆ†AˆΩˆ|φ〉] = Tr{(ρˆ(L)mc ⊗ ρˆ(R)mc )Ωˆ†AˆΩˆ}, (10)
where E[ · · · ] represents the ensemble average over the uni-
formly sampled |φ〉 with respect to the Haar measure in
HEL,ER , and ρˆ(L(R))mc = 1dL(R)
∑dL(R)
i=1 |E(L(R))i 〉〈E(L(R))i | is
the microcanonical ensemble for the thermal equilibrium
state of reservoir L(R). We abbreviate it to Tr{(ρˆ(L)mc ⊗
ρˆ
(R)
mc )Ωˆ†AˆΩˆ} ≡ 〈Ωˆ†AˆΩˆ〉mc. Due to the equivalence among
the microcanonical, canonical, and grand canonical en-
sembles in the thermodynamical limit,4 the above mi-
crocanonical average 〈Ωˆ†AˆΩˆ〉mc well coincides with the
grand canonical average Tr{(ρˆ(L)gc ⊗ ρˆ(R)gc )Ωˆ†AˆΩˆ}, which is
〈Aˆ〉NESS in (8) usually computed in the literature. We
then see that the variance is bounded by
V[〈φ|Ωˆ†AˆΩˆ|φ〉] ≤ (∆(Ωˆ
†AˆΩˆ))2mc
D + 1
(11)
3The wave operator Ωˆ is not unitary in the presence of non-
decaying bound states {|φB,i〉} [31, 32]. Indeed, Ωˆ
†Ωˆ = 1 but
ΩˆΩˆ† = 1 −
∑
i |φB,i〉〈φB,i|. Equation (7) further shows that
|φ〉∞ = (1−
∑
i |φB,i〉〈φB,i|)|φ〉∞. This means that the pure NESS
|φ〉∞ constructed by (7) is necessarily a scattering state. For the
discussion of NESSs, it is reasonable to exclude the superpositions
of energetically separated scattering and bound states.
4This is valid only in the absence of condensation [33, 34]. We
exclude cases with symmetry breaking, where the grand canonical
catastrophe occurs. Such cases will be studied elsewhere.
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with V[A] = E[A2] − E[A]2, (∆Aˆ)2mc = 〈Aˆ2〉mc − 〈Aˆ〉2mc,
and that it shrinks as D →∞, ensuring the typicality (8).
The crucial observation is that, thanks to the introduc-
tion of the wave operator Ωˆ, the expectation value of Aˆ in
the NESS is translated into the expectation value of Ωˆ†AˆΩˆ
in the double thermal equilibrium state. Therefore, we can
easily extend the standard arguments for equilibrium sys-
tems [5–7] to the present discussion for NESSs. One subtle
nontrivial point is the entanglement in (9) to represent the
product of the two thermal equilibrium states ρˆL⊗ ρˆR. It
is however not a difficult problem.
Here comes the proof of the typicality of the pure NESSs
|φ〉∞. The key formulas are available by generalizing those
for equilibrium cases with the single-index coefficients
{ci} in (1) to the multi-index coefficients {cij} in (9).
The Haar measure is proportional to δ(
∑dL
i=1
∑dR
j=1 |cij |2−
1)
∏dL
i=1
∏dR
j=1 d
2cij , which yields [5, 6, 35, 36]
E[|cij |2] = 1
D
, E[|cij |2|ci′j′ |2] = 1 + δii
′δjj′
D(D + 1)
, (12)
while the others up to the fourth moments of cij vanish.
Using these formulas, we get for any operator Aˆ
E[〈φ|Aˆ|φ〉] = 1
D
dL∑
i=1
dR∑
j=1
Aij,ij = 〈Aˆ〉mc (13)
and
V[〈φ|Aˆ|φ〉] = 1
D(D + 1)
dL∑
i,i′=1
dR∑
j,j′=1
|Aij,i′j′ |2
− 1
D2(D + 1)

 dL∑
i=1
dR∑
j=1
Aij,ij


2
≤ (∆Aˆ)
2
mc
D + 1
, (14)
where Aij,i′j′ = (〈E(L)i | ⊗ 〈E(R)j |)Aˆ(|E(L)i′ 〉 ⊗ |E(R)j′ 〉) are
the matrix elements of Aˆ. Replacing Aˆ by Ωˆ†AˆΩˆ, these
yield (10) and (11). Then, the typicality of |φ〉∞ and
(8) are proved for large D, if the microcanonical variance
(∆(Ωˆ†AˆΩˆ))2mc does not scale badly in the thermodynami-
cal limit. One of the interesting and important quantities
in the discussion of NESS is the current flowing between
the reservoirs. The microcanonical variance of the current
remains finite in the thermodynamical limit, since it is an
intensive quantity. See the example in the next section.
Example. – Let us look at an example. We take [29]
HˆL =
∫
dω ωaˆ†ωaˆω, HˆR =
∫
dω ωbˆ†ωbˆω, (15)
Vˆ =
∫
dω dω′(gω,ω′ aˆ
†
ω bˆω′ + g
∗
ω,ω′ bˆ
†
ω′ aˆω) (16)
for the Hamiltonians in (4), for the two weakly coupled
reservoirs L and R [recall also Fig. 1(a)]. Here, aˆω and
bˆω are the canonical annihilation operators for the par-
ticles in reservoirs L and R, respectively. The following
calculation is valid for both fermionic and bosonic cases.5
Without loss of generality, we assume that the density of
states is common for L and R and the dispersion relations
are linear. The particles in one reservoir are transferred
to the other by the tunneling Hamiltonian Vˆ . The ma-
trix elements of Vˆ are characterized by gω,ω′ , whose finite
and nonvanishing width in ω and ω′ ensures the locality of
the tunneling and regulates the momentum transfer in the
tunneling process. This locality is important for the cur-
rent to be finite in the thermodynamical limit. Reservoir
L is initially prepared at temperature TL and chemical po-
tential µL, while reservoir R at TR and µR, whose energies
are given by EL and ER, respectively. In the long-time
limit, the system approaches a NESS, in which a particle
current flows between the two reservoirs steadily.
In the mathematical treatment, the energies EL and
ER of the reservoirs are infinite in the thermodynamical
limit. It is implicitly assumed that we start with finite
systems, and take the thermodynamical limit later, after
the expectation value of an observable, e.g., of the cur-
rent, is computed. Note also that the long-time limit for
Ωˆ in (6) should be taken after the large-volume (contin-
uum) limit. See Footnote 2 above (7) again. Keeping
these subtle points in our minds, we loosely write integrals
and delta functions in the following formulas. Mathemat-
ically rigorous treatment, e.g., based on the C∗-algebraic
approach [21–26], should be discussed elsewhere. Anyway,
what is crucially important is the fact that the expectation
value and the variance of the current operator in the mi-
crocanonical state are finite in the thermodynamical limit
and in the long-time limit, which we already know from
the standard ensemble approach to this problem [29].
Let us construct the typical pure NESS (7) for the
present setting. We sample a typical pure state |φ〉 from
HEL,ER , which is given in the form (9), with |E(L(R))i 〉 be-
ing the eigenstates of HˆL(R), whose energies lie within the
energy shell [EL(R), EL(R)+∆E]. They are actually given
by the superpositions of Fock states. We then apply the
wave operator Ωˆ to construct a typical pure NESS |φ〉∞.
We do it perturbatively with respect to the weak in-
teraction Vˆ . To this end, it is convenient to recall the
perturbative expansion for the wave operator Ωˆ. The
wave operator Ωˆ in (6) can be alternatively defined by
Ωˆ = limη↓0 η
∫∞
0
dt e−ηte−iHˆteiHˆ0t [31], which will coin-
cide in the large-volume limit with the original Ωˆ defined
in (6), knowing that the long-time limit in (6) exists. The
limit η ↓ 0 should be taken after the large-volume limit.
The wave operator Ωˆ defined in this way is cast into
Ωˆ = 1−
∫
dE
1
Hˆ − E − iη Vˆ δ(Hˆ0 − E), (17)
and the Dyson expansion of 1/(Hˆ − E − iη) yields the
5We omit the spin degrees of freedom of the particles, since they
are not essential to the following discussion.
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perturbative expansion of Ωˆ as
Ωˆ = 1−
∫
dE
(
1
Hˆ0 − E − iη
Vˆ
− 1
Hˆ0 − E − iη
Vˆ
1
Hˆ0 − E − iη
Vˆ + · · ·
)
δ(Hˆ0 − E).
(18)
The higher-order terms describe multiparticle processes.
Using this formula for our model (15)–(16), we compute
|φ〉∞ up to the first order in Vˆ . The typical pure state |φ〉
in (9) consists of the eigenvectors |Ψ(EL + ER + εi)〉 of
Hˆ0 belonging to the eigenvalues EL + ER + εi, where εi
accounts for the energy relative to EL+ER. In the present
case, the eigenstates are the superpositions of Fock states,
and are quite degenerated in general. We distinguish the
degenerated eigenstates with different i’s. Similarly, the
vectors aˆ†ω|φ〉 (bˆ†ω|φ〉) and aˆω|φ〉 (bˆω|φ〉) are composed of
the eigenvectors belonging to the eigenvalues EL + ER +
εi + ω and EL + ER + εi − ω, respectively. Therefore,
applying (18) to |φ〉 =∑iCi|Ψ(EL + ER + εi)〉, we get
|φ〉∞ = |φ〉 −
∫
dω dω′
(
gω,ω′
ω − ω′ − iη aˆ
†
ω bˆω′ |φ〉
+
g∗ω,ω′
ω′ − ω − iη bˆ
†
ω′ aˆω|φ〉
)
+ · · · . (19)
Notice that EL+ER+ εi, which are infinitely large in the
thermodynamical limit, have disappeared.
Let us evaluate the current in this pure NESS. The
current is defined by the number of particles entering in
reservoir R per unit time [29],
Jˆ = −i[NˆR, Hˆ] = −i
∫
dω dω′(g∗ω,ω′ bˆ
†
ω′ aˆω − gω,ω′ aˆ†ω bˆω′),
(20)
where NˆR =
∫
dω bˆ†ω bˆω is the number of particles in reser-
voir R. Its expectation value in the typical pure NESS
|φ〉∞ just constructed in (19) is evaluated as
see eq. (21).
Here, we apply the typicality of |φ〉 proved by (13)–(14)
and the equivalence between the microcanonical and the
grand canonical ensembles for large systems:
〈φ|bˆ†ω′ aˆω|φ〉 ∼ 0, 〈φ|bˆ†ω′1 aˆω1 bˆ
†
ω′2
aˆω2 |φ〉 ∼ 0, (22)
〈φ|aˆ†ω1 bˆω′1 bˆ
†
ω′2
aˆω2 |φ〉
∼ fL(ω1)[1 ∓ fR(ω′1)]δ(ω1 − ω2)δ(ω′1 − ω′2), (23)
〈φ|bˆ†
ω′1
aˆω1 aˆ
†
ω2
bˆω′2 |φ〉
∼ [1∓ fL(ω1)]fR(ω′1)δ(ω1 − ω2)δ(ω′1 − ω′2), (24)
with fL(R)(ω) = 1/(e
βL(R)(ω−µL(R)) ± 1) for fermions (up-
per signs) and bosons (lower signs). Even though the
bosonic canonical operators aω and bω are unbounded
operators, the typicality holds, since the relevant micro-
canonical variances are finite. Recall (14).6 Then, the
expectation value of the current (21) is reduced to
∞〈φ|Jˆ |φ〉∞ ∼ 2pi
∫
dω |gω,ω|2[fL(ω)− fR(ω)]+ · · · , (25)
where we have taken the thermodynamical limit and used
1/(x − iη) = P(1/x) + pii δ(x). This reproduces the
Landauer-type formula derived by the ensemble approach
[29]. The current flows with the difference between the
Fermi/Bose distributions fL(ω) and fR(ω) of L and R.
Summary. – We have successfully constructed a class
of typical pure states {|φ〉∞} which describe a NESS. We
just sample initial pure states randomly from HEL,ER =
HEL⊗HER to represent ρˆL⊗ ρˆR, and then “scatter” them
to get a set of pure states, each of which describes the
NESS, since the statistical error vanishes in the thermo-
dynamical limit. In this way, the typicality of equilibrium
states naturally amounts to the typicality of NESSs.
The thermodynamical structures of NESSs have been
explored, e.g., by informational [30,37] and dynamical ap-
proaches [23, 27]. The informational statistical mechanics
suggests that NESSs can be characterized by the principle
of maximization of an entropy under a constrained cur-
rent [37]. However, its applicability is restricted due to the
omission of higher-order fluctuations. By using the Gibb-
sian state as the initial state, any higher-order fluctuations
of current are fully taken into account [23, 27, 28, 38, 39].
The typicality of pure NESSs allows us to relax the as-
sumption of the initial Gibbsian state. The equivalence
(8) holds also for the variance and the higher-order fluc-
tuations of the current. Note however that, if we look at
all the moments of the current at the same time, we ac-
quire enough knowledge about the state to discriminate
it from other pure NESSs and we lose the typicality: we
should not look at too many moments. See [5–7]. It re-
mains an important issue to be clarified better how many
observables we can look at without losing the typicality.
Another interesting subject is the typicality under sym-
metry breaking. If we think of a generic many-body sys-
tem, it might exhibit condensation at low temperatures.
When a symmetry of a system is spontaneously broken,
the naive random sampling from energy shells would not
work, since in that way we might typically pick a superpo-
sition of states belonging to different phase sectors, which
is not observed in real experiments. The typicality ap-
proach to statistical mechanics in the presence of symme-
try breaking is an interesting and important future sub-
ject. An aspect relevant to this issue is discussed in [40].
6Note that the delta functions are written loosely, as mentioned
before. They are actually Kronecker’s deltas for a finite volume of the
system. In the thermodynamical limit, they become delta functions,
but they accompany gω,ω′ in the current (20). The microcanonical
variances of the relevant operators integrated with gω,ω′ are finite
in the thermodynamical limit, and the typicality holds. Equations
(22)–(24) are written keeping the presence of gω,ω′ in minds.
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∞〈φ|Jˆ |φ〉∞ ≃ 2 Im
∫
dω dω′g∗ω,ω′〈φ|bˆ†ω′ aˆω|φ〉
+ 2 Im
∫
dω1 dω
′
1
∫
dω2 dω
′
2
gω1,ω′1g
∗
ω2,ω
′
2
ω′2 − ω2 − iη
(
〈φ|aˆ†ω1 bˆω′1 bˆ
†
ω′2
aˆω2 |φ〉 − 〈φ|bˆ†ω′1 aˆω1 bˆ
†
ω′2
aˆω2 |φ〉
)
− 2 Im
∫
dω1 dω
′
1
∫
dω2 dω
′
2
g∗ω1,ω′1
gω2,ω′2
ω2 − ω′2 − iη
(
〈φ|bˆ†
ω′1
aˆω1 aˆ
†
ω2
bˆω′2 |φ〉 − 〈φ|aˆ†ω1 bˆω′1 aˆ†ω2 bˆω′2 |φ〉
)
+ · · · . (21)
Finally, the typicality of pure states would help reduce
computational resources in evaluating thermodynamical
quantities of large systems. Such an advantage is explored
in [8, 9] for equilibrium systems. We expect the same to
hold also for the typical pure NESSs, and the practical
utility of typicality deserves a detailed study.
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